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Abstract. We establish sharp estimates for the p-capacity of metric rings 
with unrelated radii in metric measure spaces equipped with a doubling mea- 
sure and supporting a Poincare inequality. These estimates play an essential 
role in the study of the local behavior of p-harmonic Green's functions. 

1. Introduction 

In this paper we establish sharp capacitary estimates for the metric 
rings with unrelated radii in a locally doubling metric measure space 
supporting a local (l,p)-Poincare inequality. A motivation for pursuing 
these estimates comes from the study of the asymptotic behavior of p- 
harmonic Green's functions in this geometric setting. Similarly to the 
classical case (for the latter the reader should see [30], [SS] and [TF]). 
capacitary estimates play a crucial role in studying the local behavior 
of such singular functions. For this aspect we refer the reader to the 
forthcoming paper by Danielli and the authors [TT] . 

Perhaps the most important model of a metric space with a rich 
non-Euclidean geometry is the Heisenberg group H", whose underlying 
manifold is C" x M with the group law {z,t) o {z',t') = {z + z',t + 
t' — ^Xm{zz')). Koranyi and Reimann [SS] first computed explicitly 
the Q-capacity of a metric ring in H". Here Q = 2n + 2 indicates 
the homogeneous dimension of H" attached to the non-isotropic group 
dilations Sx{z,t) = {Xz,XH). Their method makes use of a suitable 
choice of "polar" coordinates in the group. 

The Heisenberg group is the prototype of a general class of nilpotent 
stratified Lie groups, nowadays known as Carnot groups. In this more 
general context, Heinonen and Holopainen [T8] proved sharp estimates 
for the Q-capacity of a ring. Again, here Q indicates the homogeneous 
dimension attached to the non-isotropic dilations associated with the 
grading of the Lie algebra. 

In the paper [U] Capogna, Danielli and the first named author es- 
tablished sharp p-capacitary estimates, for the range 1 < p < oo, for 
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Carnot-Caratheodory rings associated with a system of vector fields of 
Hormander type. In particular they proved that for a ring centered at 
a point X the p-capacity of the ring itself changes drastically depending 
on whether 1 < p < Q{x), p = Q{x) or p > Q{x). Here, Q{x) is the 
pointwise dimension at x, and such number in general differs from the 
so-called local homogeneous dimension associated with a fixed compact 
set containing x. This unsettling phenomenon is not present, for ex- 
ample, in the analysis of Carnot groups since in that case Q{x) = Q, 
where Q is the above mentioned homogeneous dimension of the group. 

In [2S],[2Z] Kinnunen and Martio developed a capacity theory based 
on the definition of Sobolev functions on metric spaces. They also 
provided sharp upper bounds for the capacity of a ball. 

The results in the present paper encompass all previous ones and 
extend them. For the relevant geometric setting of this paper we refer 
the reader to Section [2l 

Here, we confine ourselves to mention that a fundamental example of 
the spaces included in this paper is obtained by endowing a connected 
Riemannian manifold M with the Caratheodory metric d associated 
with a given subbundle of the tangent bundle, see [7j. If such subbundle 
generates the tangent space at every point, then thanks to the theorem 
of Chow [in] and Rashevsky [33] (M, d) is a metric space. Such metric 
spaces are known as sub- Riemannian or Carnot-Caratheodory (CC) 
spaces. By the fundamental works of Rothschild and Stein [3l] , Nagel, 
Stein and Wainger [32], and of Jerison [23], every CC space is locally 
doubling, and it locally satisfies a (p, p)-Poincare inequality for any 
1 < p < oo. Another basic example is provided by a Riemannian 
manifold (M", g) with nonnegative Ricci tensor. In such case thanks to 
the Bishop comparison theorem the doubling condition holds globally, 
see e.g. [H], whereas the (1, l)-Poincare inequality was proved by Buser 
[5]. An interesting example to which our results apply and that does 
not fall in any of the two previously mentioned categories is the space 
of two infinite closed cones X = {(xi, ... , Xn) G : -|- ... -|- x'^_i < 
xl} equipped with the Euclidean metric of M" and with the Lebesgue 
measure. This space is Ahlfors regular, and it is shown in Hajlasz- 
Koskela [T5l Example 4.2] that a (l,p)-Poincare inequality holds in X 
if and only if p > n. Another example is obtained by gluing two copies 
of closed n-balls {xgM"": |x|<l},n>3, along a line segment. In 
this way one obtains an Ahlfors regular space that supports a 
Poincare inequality for p > n — 1. 

A thorough overview of analysis on metric spaces can be found in 
Heinonen [T7]. One should also consult Semmes [2S] and David and 
Semmes [T^ . 

The present note is organized as follows. In Section [2] we list our 
main assumptions and gather the necessary background material. In 
Section [3] we establish sharp capacitary estimates for spherical rings 
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with unrelated radii. Section H] closes the paper with a small remark on 
the existence of p-harmonic Green's functions. In the setting of metric 
measure spaces Holopainen and Shanmugalingam [22] constructed a 
p-harmonic Green's function, called a singular function there, having 
most of the characteristics of the fundamental solution of the Laplace 
operator. See also Holopainen [2T] . 

Acknowledgements. This paper was completed while the second au- 
thor was visiting Purdue University in 2007-2008. He wishes to thank 
the Department of Mathematics for the hospitality and several of its 
faculty for fruitful conversations. 



We begin by introducing our main assumptions on the metric space 
X and on the measure /i. 

2.1. General assumptions. Throughout the paper X = {X, d, fi) is 
a locally compact metric space endowed with a metric d and a positive 
Borel regular measure /x such that < fi{B{x,r)) < oo for all balls 
B{x,r) := {y & X : d(y,x) < r} in X. We assume that for every 
compact set K C X there exist constants Ck > 1, Rk > and tk > I, 
such that for any x & K and every < 2r < Rk-, one has: 

(i) the closed balls B{x,r) = {y & X : d{y,x) < r} are compact; 

(ii) (local doubling condition) fi{B{x,2r)) < CKl^{B{x,r)); 

(iii) (local weak (l,po)-Poincare inequality) there exists 1 < po < 
oo such that for all u G N^'P'^{B{x,TKr)) and all weak upper 
gradients gu of u 



where UB{x,r) ■= fB{x,r)'^^l^ •= Given 
an open set Q C X, and 1 < p < oo, the notation N^''p{Q) 
indicates the p-Newtonian space on fl defined below. 

Hereafter, the constants Ck, Rk and tk will be referred to as the 
local parameters of K. We also say that a constant C depends on the 
local doubling constant of if C depends on Ck- 

The above assumptions encompass, e.g., all Riemannian manifolds 
with Ric > 0, but they also include all Carnot-Caratheodory spaces, 
and therefore, in particular, all Carnot groups. For a detailed discussion 
of these facts we refer the reader to the paper by Garofalo-Nhieu [I3j . 
In the case of Carnot-Caratheodory spaces, recall that if the Lie algebra 
generating vector fields grow at infinity faster than linearly, then the 
compactness of metric balls of large radii may fail in general. Consider 
for instance in M the smooth vector field of Hormander type Xi = 
(1 + Some direct calculations prove that the distance relative 
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to Xi is given by d{x,y) = \ arctan(x) — arctan(?/)|, and therefore, if 
r > 7r/2, we have 5(0, r) = M. 

2.2. Local doubling property. We note that assumption (ii) im- 
plies that for every compact set K G X with local parameters Ck and 
Rk, for any x E K and every < r < Rk, one has for 1 < A < Rk/i^, 

(2.1) i^{B{x, Ar)) < CX^i2{B{x, r)), 

where Q = \og2 Ck, and the constant C depends only on the local 
doubling constant Ck- The exponent Q serves as a local dimension of 
the doubling measure fi restricted to the compact set K. In addition 
to such local dimension, for x e X we define the pointwise dimension 
Q{x) by 

Q{x) = sup{g > : 3C > such that 

AV(5(a;, r)) < Cfi{B{x, Ar)), for all A > 1, < r < oo}. 

The inequality (12. ip readily implies that Q{x) < Q for every x E K. 
Moreover, it follows that 

(2.2) X^^'^^fiiBix, r)) < Cfi{B{x, Ar)) 

for any x E K, < r < Rk and 1 < A < Rk/^, and the constant 
C depends on the local doubling constant Ck- Furthermore, for all 
< r < Rk and x E K 

(2.3) C,r^ < < C,r^(^), 

Ij,{B{x,Rk)) 

where Ci = C{K, Ck) and C2 = C{x, K, Ck)- 

For more on doubling measures, see, e.g. Heinonen [T7j and the 
references therein. 



2.3. Upper gradients. A path is a continuous mapping from a com- 
pact interval, and we say that a nonnegative Borel function g on X is 
an upper gradient of an extended real valued function / on X if for all 
rectifiable paths 7 joining points x and y in X we have 

(2.4) |/(x)-/(y)|< / gds. 

whenever both /(x) and /(y) are finite, and j^gds = 00 otherwise. 
See Cheeger [9] and Shanmugalingam [38] for a detailed discussion of 
upper gradients. 

If 5^ is a nonnegative measurable function on X and if (12. 4p holds for 
p-almost every path, then g is a weak upper gradient of /. By saying 
that (12.41) holds for p-almost every path we mean that it fails only for 
a path family with zero p-modulus (see, for example, [S5]). 
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A function / : X — > R is Lipschitz, denoted by / G Lip(X), if there 
exists a constant L > such that \f{x) — f{y)\ < Ld{x,y) for every 
x,y G X. The upper pointwise Lipschitz constant of / at a; defined by 



is an upper gradient of /. We note that for c G M, Lip/(x) = for 
/i-a.e. X e {y e X : f{y) = c}. 

If / has an upper gradient in L^{X), then it has a minimal weak upper 
gradient Qf & U'{X) in the sense that for every weak upper gradient 
g G Wi^X) of f,gf<g /i-almost everywhere (a.e.), see Corollary 3.7 in 
Shanmugalingam [39j, and Lemma 2.3 in J. Bjorn [3J for the pointwise 
characterization oi gj. 

Thanks to the results in Cheeger [9J, if X satisfies assumptions (ii) 
and (iii), then for / G Lip(X) one has gf{x) = Lip/(x) for /i-a.e. 



We recall the following version of the chain rule. 

Lemma 2.1. Let u G Lip(X) and / : M ^ M he absolutely continuous 
and differentiable. Then 

9fouix) < \{f' ou){x)\Upu{x) 

for fi- almost every x G X. 

2.4. Capacity. Let Q G X he open and E G Q a Borel set. The 
relative p-capacity of E with respect to Q is the number 



where the infimum is taken over all functions u G X^'^(X) such that 
u = 1 on E and u = on X \ f2. If such a function do not exist, we 
set Capp(i^, Q) = oo. When = X we simply write Capp{E). 

Observe that if C fi is compact the infimum above could be taken 
over all functions u G LipQ(fi) = {/ G Lip(X) : / = on X \ fi} such 
that u = 1 on E. 

Suppose that fi C X is open. A condenser is a triple {E,E;Q), 
where E,F G fl are disjoint non-empty compact sets. For 1 < p < oo 
the p-capacity of a condenser is the number 



where the infimum is taken over all p-weak upper gradients g of all 
functions in fi such that u = OonE,u=lonF, and < m < 1. 

For other properties as well as equivalent definitions of the capac- 
ity we refer to Kilpelainen et al. [23], Kinnunen-Martio [2S1 and 
Kallunki-Shanmugalingam [21]. See also Gol'dshtein and Troyanov |14j . 



Lip /(x) = limsup sup 

1 — >0 yeB{x,r) 



\fiy)-fi^)\ 



r 



xex. 
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2.5. Newtonian spaces. We define Sobolev spaces on tlie metric 
space following Slianniugalingam [38j. Let C X be nonempty and 
open. Wlienever u e L^i^), let 

\W\\m-pin) = (^j \u\Pdfi + mf j g^d^ , 

where the infimum is taken over all weak upper gradients of u. The 
Newtonian space on Q is the quotient space 

N^'P{n) = {U : ||M||Arl,p(f^) < oo}/~, 

where m ~ f if and only if \\u — f ||Ari,p(n) = 0. The Newtonian space is 
a Banach space and a lattice, moreover, Lipschitz functions are dense; 
for the properties of Newtonian spaces we refer to [38] and Bjorn et 
al. [1]. 

To be able to compare the boundary values of Newtonian functions 
we need a Newtonian space with zero boundary values. Let be a 
measurable subset of X. The Newtonian space with zero boundary 
values is the space 

No'^{E) = {u\e : u G N^'P{X) and m = on X \ E}. 

The space Nq'^{E) equipped with the norm inherited from N^'P{X) is 
a Banach space, see Theorem 4.4 in Shanmugalingam |39j . 

We say that u belongs to the local Newtonian space X[Q^(f2) if m G 
N-^'^IQ') for every open Q' (£ Q (or equivalently that u G N^''^{E) for 
every measurable E <^ Q). 

3. Capacitary estimates 

The aim of this section is to establish sharp capacity estimates for 
metric rings with unrelated radii. We emphasize an interesting feature 
of Theorems 13.21 and 13.41 that cannot be observed, for example, in the 
setting of Carnot groups. That is the dependence of the estimates on 
the center of the ring. This is a consequence of the fact that in this 
generality Q{xo) ^ Q where xq G X, see Section [21 The results in this 
section will play an essential role in the subsequent developments, see 
the forthcoming paper by Danielli and the authors [1 Ij . 

For now on, let < r < ^ diam(X) and fix a ball B[xo, r) C X. We 
have the following estimate. 

Lemma 3.1. Let u G Lip(X) such that m = in X \ B{xo,r). Then 

(3.1) |m(x)|<C / — —dfi{y)\ , 

V JB(xo,r) ^^{B{x,d{x,y))) J 

for all X G B{xq, r). 

For the proof see, e.g., Makelainen ^Slj, Theorem 3.2 and Remark 
3.3. 
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We are ready to prove sharp capacitary estimates for metric rings 
with umelated radii. 

Theorem 3.2. (Estimates from below) Let Q G X be a bounded open 
set, Xq G Q, and Q{xo) be the pointwise dimension at Xq. Then there 
exists Rq = -Ro(^) > such that for any < r < R < Rq we have 



CaPp„(5(xo,r),5(xo, i?)) > 
Ci(l 

(72(1 - l-)QMiQ{xo)-l) I R 



l-Q{xo) 



{2R) 



where 



Po-1 



if Po = Q{xo), 

1-Po 

, if Po> Qixo) 



Ci = C 1 



Co = C 



c. = c 



2 



n{B{xo,r)) 



PO-1 



with C > depending only on Pq and the doubling constant ofQ. 

Proof. Let u G Lip(X) such that m = on X \ B{xo,R), m = 1 in 
B{xo,r), and < m < 1. Then by Lemma [3.11 



|n(xo)| < C{ RP''-^ 
R 



< c 

< c 



Bixo,R) KB{xo,d{xo,y))) J 



R-r 
R 



B{xo,R) KBixo,d{xo,y))) 



\ l/po 

dfi{y) 



R-r 



l-l/po 



{Upur{y)dM 

B{xo,R) 

d{xo,yyo 



i/pg 



{xo,R)\B{xQ,r) 

l2{B{xo,d{xo,y)))Po 



l/PoPo 



where p'^ = Po/{po — 1). We choose fco G N so that 2^^'^ < R < 2''°~^^r. 
Then we get 



d{xo,y) 



{xo,R)\B{xo,r)fJ'{B{xo, d{xo, ?/))) 



dfi{y) 



ko 



< 



k=0 



d{xo,yy'<> 



Bixo 



,2k+ir)\B{xo,2kr) /^(^(a^O, d{Xo, y)))Po 



T dfi{y) 
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ko 



< 



k=0 



/x(5(a;o,2^r))Po-i 



< C 



fPo 



ko 



/i(5(xo,r))Po 



■Q{xo){p'o-^)) 



k=0 



If 1 < Po < Q{xo), then p'q — Q{xo){p'q — 1) < 0, and we obtain 

If Po = Q{xo), then p'q — Q{xo){pq — 1) = 0, and we find 
(3.3) 

1 < c.-i -A- -A, — ^e^' 



D ; (u( \V"» I (Lip m)^o ci/i. 

R-rJ fi{B{xo,r)) Jb{xo,r) 

Finally, if po > Q{xo), then p'^ — Q{xo){pq — 1) > 0, and we have 



(3.4) 



/ Jl \Po(P0-l) ^Q{xo) 
1 ^ C't I — TTTT 



R-r 



fi{B{xo,r)) 



po-Q(xq) po-Q(^o) 

{2R) fo-i - r fo-i 



po-l 



B{xo,R) 



Taking the infimum over all competing m's in (I3.2l) - fl3.4p we reach the 
desired conclusion. □ 

Remark 3.3. Observe that if X supports the weak (1, l)-Poincare in- 
equality, i.e. Po = 1, these estimates reduce to the capacitary estimates, 
e.g., in Capogna et al. P, Theorem 4.1]. 

Theorem 3.4. (Estimates from above) Let Q, xq, and Q{xo) be as in 
Theorem \3.S\ Then there exists Rq = Ro{^) > such that for any 
< r < R < Rq we have 



CaPp^{B{xo,r), B{xo, R)) 



Q M(g(a:o,r)) 



rPo 



< < 



C^5(l0g| 



l-Q{xo) 



PQ-Qi^o) Po~Q(^o) 

(2i?) fo-i - r fo-i 



1-po 



if l<Po < Qixo) 
if Po = Qixo), 

, if Po > Q{xo), 



where is a positive constant depending only on po and the local 
doubling constant offl, whereas 



C, = C 



lx{B{xo,r)) 
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with C > depending only on Pq and the local doubling constant of Q. 
Finally, 

2 fo-i - 1 

withC > depending on Pq, the local parameters ofQ, and fi{B{xo, Rq)) . 
Proof. For i = 0,1 and p ^ Q{xo), we define 



h{t) 



Enz 



t 



-R PO- 



r PO-i -R PO-i 

0, 



if < t < r, 
a r <t< R, 
a t> R, 



where Qo = Q and Qi = Q{xo). Note tliat h E L°°(R), supp(/i') C 
[r, i?], and tliat h' G L°°(R), tlius h is a Lipscliitz function. Let u = 
h o d{xQ,y). By the cliain rule, see Lemma [2.11 we obtain for /i-a.e. 



gP^^ < {\{h' o d{xo,y))\Upd{xo,y)) 

(l-Qi)PO 

Po - Q^ d{xo,y) 



PO 



Po - 1 

Furthermore, we have that 

Capp^{B{xo,r), B{xo, R)) < 



ko 



PQ- 



r PO- 



R po- 



po • 



B{xo,R)\B{xo,r) 



< c 



k=0 J B{xo,2k+-^r)\B{xo,2kr) 

PO ^0 

^(2V)''^/i(i?(a;o,2V)), 

k=0 



PO~Qi 



PO-Qi 

R po-^ 



(i-Q»)po 



where fco € N is chosen so that < R < 2'^"+^r. 

At this point we need to make a distinction. If 1 < po < Qi^o) < Q, 
then we select 2 = 0, and we have by the doubling property that 



CaPpAB{xo,r),B{xo,R)) 



< C 



< C 



PQ-Q PQ-Q 

r po-i — R po-i 



^ PQ-Q 

r 



(i-Q)pn ^ ; Jpo-Q) 

fj,{B{xo,r))r fo-i N 2 fo-i 



fc=0 



fi{B{xo,r)) 



rPo 



This completes the proof in the range 1 < po < ^(^^o)- 

When Po > Qi^o), from the second inequality in (12. 3p it follows 



(S(a;o,2V)) < C2^«(^°V'?(^°), 
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where the constant C depends on pq, the local doubling constant of f2, 
f2, and fi{B{xQ, Rq)). Then we set i = I, and obtain 

Capp^,(5(xo, r), B{xo, R)) 



< C 



Po-Q(3=o) 



fe=0 



, PO-Q(3:o) 

<C(2 fo-i 



P0-Q(3:o) PQ- 0(3:0) 

(2i?) - r TO-i 



l-Po 



This end the proof in the range po > <5(a^o)- 
When po = <5(a;o) we set 

1, if < t < r, 



log f j log 



ii r <t<R, 



0, if t > i?, 

As above, \et u = ho d{xo,y), and Lemma [2.11 implies for /i-a.e. 



R\ ~po 

^?r< (log-) 



r/ d{xo,y) 



po 



We have 



Capp„(5(a;o,r),5(xo,i?)) < 



fc=0 -^B(a;o,2'=+ir)\_B(x-o,2'=r) 



B{xo,R)\B{xo,r) 



<C[ log- 

r 



R\ -QM 



ko 



5^(2V)-«("°V(5(a;o,2V)) 



fc=0 



where the inequality fl2.1l) was used and & N was chosen so that 
2^0^ < i? < 2''o+V. This completes the proof. □ 

We have the following immediate corollary. 
Corollary 3.5. // 1 < < Q{xo), then we have 

Capp^{{xo},n) = 0. 

We close this section by stating for completeness the following well- 
known estimate for the conformal capacity. In the setting of Carnot 
groups it was first proved by Heinonen in [16] . For a discussion in met- 
ric spaces, see Heinonen-Koskela [201, Theorem 3.6] and Heinonen [T71 
Theorem 9.19]. In [17] a weak (1, l)-Poincare inequality is assumed. 
By obvious modifications, however, the proof carries out in our setting 
as well. We hence omit the proof. 
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Theorem 3.6. Suppose that E and F are connected closed subsets of 
X such that F is unbounded and F fl dB{z,r) ^ 0, and E joins z to 
dB{z,r). Then there is a uniform constant C > 0, depending only on 
X, such that 



4. A REMARK ON THE EXISTENCE OF SINGULAR FUNCTIONS 

In this section we give a remark on the existence of singular functions 
or po-harmonic Green's functions on relatively compact domains VL C 
X. The existence of singular functions in metric space setting was 
proved in Holopainen-Shanmugalingam [22] in Q-regular metric spaces 
(see below) supporting a local Poincare inequality. 

We start off by recalling the definition of po-harmonic funcition on 
metric spaces. Let 1] C X be a domain. A function u G Aj^f (fi)nC((]) 
is pQ-harmonic in Q if for all relatively compact Q' (Z fl and for all v 
such that n - G N^'P^n') 



It is known that nonnegative po-hai'Kionic functions satisfy Har- 
nack's inequality and the strong maximum principle, there are no 
non-constant nonnegative po-harmonic functions on all of X, and Pq- 
harmonic functions have locally Holder continuous representatives. See 
Kinnunen-Shanmugalingam [2H] (see also [2]). 

In this section we also assume that X is linearly locally connected: 
there exists a constant C > 1 such that each point x G X has a 
neighborhood Ux such that for every ball B{x,r) C Ux and for every 
pair of points y, z E B{x, 2r) \ B{x, r), there exists a path in B{x, Cr) \ 
B{x,r/C) joining the points y and z. 

The following definition was given by Holopainen and Shanmugalingam 



Definition 4.1. Let f2 be a relatively compact domain in X and Xq G 
Q. An extended real- valued function G = G{-, xq) on Q is said to be a 
singular function with singularity at Xq if 

1. G is po-harmonic and positive in f2 \ {a;o}, 

2. G\x\n = and G G N^'P^^{X \ B{xo,r)) for all r > 0, 

3. Xq is a singularity, i.e.. 



capQ(i?,F;X)>C>0. 




in El 



4 
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where = {x e Q : G{x) > 13}, = {x e Q : G{x) > a}, 
and < Ci, C2 < oo are constants depending only on pq. 

Note that the singular function is necessarily non-constant, and con- 
tinuous on r2 \ {xq}. 

We have the following theorem on the existence. 

Theorem 4.2. Let Q be a relatively compact domain in X , Xq G VL, 
and Q{xq) the pointwise dimension at Xq. Then there exists a singular 
function on fl with singularity at Xq. Moreover, if po < Q{xq), then 
every singular function G with singularity at Xq satisfies the condition 

lim G{x) = 00. 

Essentially, the proof follows from the Harnack inequality on spheres 
and Corollary I3.5[ In particular, it is in the Harnack inequality on 
spheres that X is needed to be linearly locally connected. See, e.g., 
Bjorn et al. [H Lemma 5.3]). We omit the proof. 

Remark 4.3. The theorem was first proved by Holopainen and Shan- 
mugalingam in [221 Theorem 3.4] under the additional assumption that 
the measure on X is Q-regular, i.e., for all balls B{x,r) a double in- 
equality 

C-V^ < i2{B{x,r)) < Gr^ 

holds. (If fl is Q-regular then X is called an Ahlfors regular space.) 
There are, however, many instanses where this is not satisfied. For 
example, the weights modifying the Lebesgue measure in M", see |19] . 
or systems of vector fields of Hormander type, see e.g. Capogna et 
al. [0], are, in general, not Q-regular for any Q > 0. In this sense our 
observation seems to generalize slightly the results obtained in |22j . 



References 

Bjorn, A., Bjorn, J. and Shanmugalingam, N., Quasicontinuity of 
Newton-Sobolev functions and density of Lipschitz functions on metric spaces, 
to appear in Houston J. Math. 

Bjorn, A. and Marola, N., Moser iteration for (quasi)minimizers on metric 
spaces, Manuscripta Math. 121 (2006), 339-366. 

Bjorn, J., Boundary continuity for quasiminimizers on metric spaces, Illinois 
J. Math. 46 (2002), 383-403. 

Bjorn, J., MacManus, P. and Shanmugalingam, N., Fat sets and point- 
wise boundary estimates for p-harmonic fimctions in metric spaces, J. Anal. 
Math. 85 (2001), 339-369. 

BuSER, P., A note on the isoperimetric constant, Ann. Sci. Ecole Norm. Sup. 
(4) 15 (1982), 213-230. 

Capogna, L., Danielli, D. and Garofalo, N., Capacitary estimates and 
the local behavior of solutions of nonlinear subelliptic equations, Amer. J. 
Math. 118 (1996), 1153-1196. 

Caratheodory, C, Untersuchungen iiber die Grundlangen der Thermody- 
namik. Math. Ann. 67 (1909), 355-386. 



SHARP CAPACITARY ESTIMATES FOR RINGS IN METRIC SPACES 13 



[8] Chavel, I., Eigenvalues in Riemannian Geometry, Pure and Applied Math- 
ematics, vol. 115, Academic Press, Orlando, 1984. 
[9] Cheeger, J . , Differentiability of Lipschitz functions on metric measure spaces, 
Geom. Fund. Anal. 9 (1999), 428-517. 

[10] Chow, W.L., Uber System von linearen partiellen Differentialgleichungen er- 
ster Ordnug, Math. Ann. 117 (1939), 98-105. 

[11] Danielli, D., Garofalo, N. andMAROLA, N., Local behavior of p-harmonic 
Green's functions on metric spaces. Preprint, 2008. 

[12] David, G. and Semmes, S., Fractured fractals and broken dreams. Self-similar 
geometry through metric and measure, Oxford Lecture Series in Mathematics 
and its Applications, 7. The Clarendon Press, Oxford University Press, New 
York, 1997. 

[13] Garofalo, N. and Nhieu, D.-M., Isoperimetric and Sobolev inequalities for 

Carnot-Carathcodory spaces and the existence of minimal surfaces, Comm. 

Pure Appl. Math. 49 (1996), 1081-1144. 
[14] Gol'dshtein, v. and Troyanov, M., Capacities in metric spaces. Integral 

Equations Operator Theory (2002), 212-242. 
[15] Hajlasz, p. and KosKELA, P., Sobolev met Poincare, Mem. Amer. Math. 

Soc. 145 (2000), 1-110. 
[16] Heinonen, J., A capacity estimate on Carnot groups, Bull. Sci. Math. 119 

(1995), 475-484. 

[17] Heinonen, J., Lectures on Analysis on Metric Spaces, Springer- Verlag, New 
York, 2001. 

[18] Heinonen, J. and Holopainen, L, Quasiregular maps on Carnot groups, J. 
Geom. Anal. 7 (1997), 109-148. 

[19] Heinonen, J., Kilpelainen, T. and Martio, O., Nonlinear Potential The- 
ory of Degenerate Elliptic Equations, Oxford University Press, Oxford, 1993. 

[20] Heinonen, J. and Koskela, P., Quasiconformal maps in metric spaces with 
controlled geometry. Acta Math. 181 (1998), 1-61. 

[21] Holopainen, I., Nonlinear potential theory and quasiregular mappings on 
Riemannian manifolds, Ann. Acad. Sci. Fenn. Ser. A I Math. Diss. 74 (1990), 
1-45. 

[22] Holopainen, I. and Shanmugalingam, N., Singular functions on metric 

measure spaces. Collect. Math. 53 (2002), 313-332. 
[23] Jerison, D., The Poincare inequality for vector fields satisfying Hormander's 

condition, Duke Math. J. 53 (1986), 503 523. 
[24] Kallunki, S. and Shanmugalingam, N., Modulus and continuous capacity, 

Ann. Acad. Sci. Fenn. Math. 26 (2001), 455-464. 
[25] Kilpelainen, T., Kinnunen, J. and Martio, O., Sobolev spaces with zero 

boundary values on metric spaces. Potential Anal. 12 (2000), 233-247. 
[26] Kinnunen, J. and Martio, O., The Sobolev capacity on metric spaces, Ann. 

Acad. Sci. Fenn. Math. 21 (1996), 367-382. 
[27] Kinnunen, J. and Martio, O., Choquet property for the Sobolev capacity in 

metric spaces, in Proceedings on Analysis and Geometry (Novosibirsk, Akadem- 

gorodok, 1999), pp. 285-290, Sobolev Institute Press, Novosibirsk, 2000. 
[28] Kinnunen, J. and Shanmugalingam, N., Regularity of quasi-minimizers on 

metric spaces, Manuscripta Math. 105 (2001), 401-423. 
[29] KORANYI, A. and Reimann, H. M., Horizontal normal vectors and confor- 

mal capacity of spherical rings in the Heisenberg group. Bull. Sci. Math. Ill 

(1987), 3-21. 



14 



NICOLA GAROFALO AND NIKO MAROLA 



[30] LiTTMAN, W., Stampacchia, G. and Weinberger, H.F., Regular points 

for elliptic equations with discontinuous coefficients, Ann. Scuola Norm. Sup. 

Pisa (3) 18 (1963), 43-77. 
[31] Makelainen, T., Adams inequality on metric measure spaces, preprint^ 2007. 
[32] Nagel, A., Stein, E.M. and Wainger, S., Balls and metrics defined by 

vector fields I: basic properties, Acta Math. 155 (1985), 103-147. 
[33] Rashevsky, P.K., Any two points of a totally nonholonomic space may be 

connected by an admissible line, Uch. Zap. Ped. Inst. im. Liebknechta, Ser. 

Phys. Math., (Russian) 2 (1938), 83-94. 
[34] Rothschild, L.P. and Stein, E.M., Hypoelliptic differential operators and 

nilpotcnt groups. Acta Math. 137 (1976), 247-320. 
[35] Semmes, S., Metric spaces and mappings seen at many scales (Appendix 

B in Gromov, M., Metric Structures for Riemannian and Non-Riemannian 

Spaces), Ed. Progress in Mathematics, Birkhauser, Boston, 1999. 
[36] Serrin, J., Local behavior of solutions of quasilinear equations, Acta Math. 

Ill (1964), 243 302. 
[37] Serrin, J., Isolated singularities of solutions of quasilinear equations. Acta 

Math. 113 (1965), 219 240. 
[38] Shanmugalingam, N., Newtonian spaces: An extension of Sobolev spaces to 

metric measure spaces, Rev. Mat. Iberoamericana 16 (2000), 243-279. 
[39] Shanmugalingam, N. , Harmonic functions on metric spaces, Illinois J. Math. 

45 (2001), 1021-1050. 

Department of Mathematics, Purdue University, West Lafayette, 
IN 47907, USA 

E-mail address, Nicola Garofalo: garofalo@inath.purdue.edu 

Department of Mathematics and Systems Analysis, Helsinki Univer- 
sity OF Technology, P.O. Box 1100 FI-02015 TKK, Finland 
E-mail address, Niko Marola: niko.inarola@tkk.fi 



